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Problem 39

Consider the spring-mass system, shown in Figure 4.2.4, consisting of two unit masses suspended
from springs with spring constants 3 and 2, respectively. Assume that there is no damping in the
system.

(a)

Show that the displacements u; and ug of the masses from their respective equilibrium
positions satisfy the equations

uf + buy = 2us, uy + 2ug = 2u;. (i)

Solve the first of Eqgs. (i) for ug and substitute into the second equation, thereby obtaining
the following fourth order equation for uy:

u§4) + Tuf + 6uy = 0. (ii)
Find the general solution of Eq. (ii).

Suppose that the initial conditions are
u1(0) =1, uy (0) =0, uz(0) = 2, uh(0) = 0. (iii)

Use the first of Egs. (i) and the initial conditions (iii) to obtain values for u{(0) and u/’(0).
Then show that the solution of Eq. (ii) that satisfies the four initial conditions on u; is
uy(t) = cost. Show that the corresponding solution ug is uz(t) = 2 cost.

Now suppose that the initial conditions are
ui(0) = =2, uy(0) = 0, uz(0) =1, uh(0) = 0. (iv)

Proceed as in part (c) to show that the corresponding solutions are uj(t) = —2 cos v/6t and

us(t) = cos v/6t.

Observe that the solutions obtained in parts (c) and (d) describe two distinct modes of
vibration. In the first, the frequency of the motion is 1, and the two masses move in phase,
both moving up or down together; the second mass moves twice as far as the first. The
second motion has frequency /6, and the masses move out of phase with each other, one
moving down while the other is moving up, and vice versa. In this mode the first mass
moves twice as far as the second. For other initial conditions, not proportional to either of
Egs. (iii) or (iv), the motion of the masses is a combination of these two modes.
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FIGURE 4.2.4 A two-spring, two-mass system.

Solution

Part (a)

Start by drawing free-body diagrams for the two masses. If m; is displaced a distance uw; and mo
is displaced a distance wug, then we have the following two diagrams.

kp(up —uy)

ko (up —uy)

T

Apply Newton’s second law twice—once for m; and once for ms.

ka(ug —up) — kiur = miag

—kz(Ug — ul) = maoas

Plug in the numbers for k1, ko, m1, and my and use the fact that acceleration is the second
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derivative of position.

2(ug —uy) — 3uy = uf

—2(uz —u1) = ul
Therefore, the equations of motion are

ulll + 5U1 = 2’LL2 (1)
uly + 2us = 2u. (2)

Part (b)
Divide both sides of equation (1) by 2

fu"—i—?ul = U2
2172

and plug this formula for ug into equation (2).

1 5 1\ 1 5
<2u'1’ + 2u1> +2 <2u'1’ + 2u1> = 2uy

1 5
fu§4) + iu’f +uf + Bup = 2uy

2
W 7w 4 6uy =0 3
up -+ (up + bup = (3)
This is a homogeneous ODE with constant coefficients, so the solution is of the form u; = e".
4
up =€t = wi=ret o uf=r%"t o W =%t o ug ) = plert

Substitute these expressions into the ODE.
,r4€7‘t + 7(T2€rt) + 6(67“1‘,) =0
Divide both sides by e".
rt 47 +6=0
(r2+6)(r* +1) =0
r = {—V6i,V6i,—i,i}

Four solutions to equation (3) are then u; = e=V6it and up = eV6it and uy = e~ and uy = eit. By
the principle of superposition, the general solution for u; is a linear combination of these four.

i

ui(t) = Cle_\/é“ + Cge‘/éit + Cse™ ™ 4+ Cye
= (1 (cos V6t — isin V6t) + Co(cos V6t + i sin vV6t) + Cz(cost — isint) + Cy(cost + isint)
= (C} + Cq) cos V6t + (—iCy +iCq) sin V6t + (C3 4 Cy) cost + (—iC3 + iCy) sint
= C5 cos V6t + Cgsin V6t + Crcost + Cgsint
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Part (c)

Suppose first that the initial conditions are

Ul(o) =1 UQ(O) =2
up(0) =0 u5(0) =
From equation (1), «{(0) and «/’(0) can be determined.
17 (0) = 2uz(0) — 5u1(0) = —1
ui +5u; =2us  —  u] =2uy—5u;  — !
S e { 7(0) = 2u4(0) — 5uf (0) = 0

Differentiate the general solution three times.

uy(t) = —C5v6sin V6t + CvV6 cos V6t — Crsint + Cg cost
uf(t) = —6Cj cos V6t — 6Cg sin V6t — Cr cost — Cgsint
uy'(t) = 6v/6C5 sin V6t — 6v/6C cos V6t + Crsint — Cs cos t

Apply the initial conditions now to determine C5, Cg, C7, and Cs.

ul(O) =Cs+Cr =1

w4 (0) = CV6 + Cs =0
ul(0) = —6C5 — Cr = —1
u'(0) = —6V6Cs — Cg = 0

Solving this system of equations yields C5 = 0, Cs = 0, C7 = 1, and Cg = 0. Therefore,
u(t) = cost.
Now that w;(t) is known, plug it back into equation (2) to find wua(t).
uly + 2ug = 2cost

This is a linear inhomogeneous ODE, so its general solution can be expressed as a sum of the
complementary solution and the particular solution.

up(t) = uzc(t) + ugp(t)
The complementary solution satisfies the associated homogeneous equation.

uly. + 2uge = 0 (4)

This is a homogeneous ODE with constant coefficients, so the solution is of the form wug. = e*t.

!/ 1
uge = 8 = b, =se®t = ufy, = s

Substitute these expressions into the ODE.

s2e’t + 2(6“) =0
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Divide both sides by e®'.
s24+2=0

s = {—iV2,iV2}

As a result, two solutions to equation (4) are ug. = e~ V2 and Uge = eiV2t, By the principle of
superposition, the general solution for uo. is a linear combination of these two.

uge(t) = Coe™ ™2 4 CypelV2!
= Cy(cos V2t — isin v/2t) + Cio(cos V2t + i sin v/2t)
= (Cg + C1p) cos V2t + (—iCy + iCyp) sin v/ 2t
= (11 cos V2t + Chasin V2t

On the other hand, the particular solution satisfies
ugp + 2ug, = 2cost.

Since the inhomogeneous term is cosine and there are only even derivatives on the left, we use the
trial solution ug, = Acost. Plug this into the ODE to determine A.

(Acost)” +2(Acost) = 2cost

(—Acost) +2Acost = 2cost
Acost =2cost

Matching the coefficients, we see that A = 2, which means ug,(t) = 2cost. The general solution
for ug(t) is then
uz(t) = Cyq cos V2t + Oy 8in V2t + 2 cost.

Differentiate it with respect to t.
uh(t) = —C11V/2sin V2t + C19v/2 cos V2t — 2sint
Apply the initial conditions to determine C71; and Cys.

u(0) =C11 +2=2
uh(0) = C19vV2 =0

Solving this system of equations yields C1; = 0 and C'12 = 0. Therefore,

‘uz(t) = 2cost. ‘
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Part (d)
Suppose secondly that the initial conditions are

ur(0) = -2 uz(0) =1
uj(0) =0 u5(0) = 0.

From equation (1), «{(0) and «/’(0) can be determined.

u/1'+5u1:2u2 — u’1’:2u2—5u1 — {

Differentiate the general solution three times.

uy(t) = —C5v6sin V6t + CvV6 cos V6t — Crsint + Cg cost
uf(t) = —6Cj cos V6t — 6Cg sin V6t — Cr cost — Cgsint
uy'(t) = 6v/6C5 sin V6t — 6v/6C cos V6t + Crsint — Cs cos t

Apply the initial conditions now to determine C5, Cg, C7, and Cs.

ul(O) =05+ 07 =-2
w4 (0) = CV6 + Cs =0
W/ (0) = —6C5 — Cy = 12
u'(0) = —6V6Cs — Cg =

Solving this system of equations yields Cs = —2, Cs = 0, C7 = 0, and Cg = 0. Therefore,

u1(t) = —2 cos V6.

Now that u;(t) is known, plug it back into equation (2) to find ua(t).
uly + 2uy = —4cos V6t

This is a linear inhomogeneous ODE, so its general solution can be expressed as a sum of the
complementary solution and the particular solution.

ua(t) = uze(t) + uap(t)
The complementary solution satisfies the associated homogeneous equation.

uly, + 2. = 0 (4)

This is a homogeneous ODE with constant coefficients, so the solution is of the form us. = e*t.

!/ /
Uge = € = b, =set o Ul = s

Substitute these expressions into the ODE.

st 4 2(e*) = 0
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Divide both sides by e®'.
s24+2=0

s = {—iV2,iV2}

As a result, two solutions to equation (4) are ug. = e~ V2 and Uge = eiV2t, By the principle of
superposition, the general solution for uo. is a linear combination of these two.

uge(t) = Coe™ ™2 4 CypelV2!
= Cy(cos V2t — isin v/2t) + Cio(cos V2t + i sin v/2t)
= (Cg + C1p) cos V2t + (—iCy + iCyp) sin v/ 2t
= (11 cos V2t + Chasin V2t

On the other hand, the particular solution satisfies
Uy, + 2y = —4 cos V6t.

Since the inhomogeneous term is cosine and there are only even derivatives on the left, we use the
trial solution ug, = A cos \6t. Plug this into the ODE to determine A.

(AcosV6t)" + 2(Acos V6t) = —4cos V6t

(—6A cos V6t) + 2A cos V6t = —4 cos /6t
—4A cos V6t = —4cos V6t

Matching the coefficients, we see that A = 1, which means us,(t) = cos v/6t. The general solution
for us(t) is then
ug(t) = Cj cos V2t + Cia sin V2t + cos V6t.

Differentiate it with respect to .
uh(t) = —C11V2sin V2t + Ciav/2 cos V2t — V6 sin V6t
Apply the initial conditions to determine C1; and Chs.

u(0)=Cnp+1=1
uy(0) = C12vV2 =0

Solving this system of equations yields C71; = 0 and C'12 = 0. Therefore,

ug(t) = cos V6.
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